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Background: Variational Autoencoders

Key Idea: Learn latent representations by maximizing a lower bound on
the data likelihood.

Evidence Lower Bound (ELBO)

L(x , θ, ϕ) = Eqϕ(z|x) [log pθ(x |z)]− DKL

(
qϕ(z |x)∥pθ(z)

)
qϕ(z |x): Encoder approximating the posterior.

pθ(x |z): Decoder reconstructing x from z .

The KL term regularizes z-space to the prior pθ(z).
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Variational Autoencoders
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Diffusion Process
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Variational Auto Encoding
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Forward Process: Noise Injection

Idea: Starting from a clean sample x0, we construct a noisy sequence
(x1, . . . , xT ).
Forward (noising) step:

q(xt |xt−1) = N (xt ;
√
1− βt xt−1, βt I ).

By applying this recursively:

q(x1:T |x0) =
T∏
t=1

q(xt |xt−1).

Key property: We can directly compute the distribution at an arbitrary
step t:

q(xt |x0) = N (xt ;
√
ᾱt x0, (1− ᾱt)I ),

where αt = 1− βt and ᾱt =
∏t

s=1 αs .
This closed-form solution helps us understand how noise accumulates at
each step.
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Reverse Process: Denoising

Goal: Learn a model pθ(xt−1|xt) that reverses the noising process.

pθ(xt−1|xt) = N (xt−1;µθ(xt , t), σ
2
t I ).

By chaining these steps backwards:

pθ(x0:T ) = p(xT )
T∏
t=1

pθ(xt−1|xt).

We typically fix or simplify σ2
t and focus on learning µθ(xt , t), guiding the

model from noisy xT back to the clean data x0. The model effectively
learns to peel off the accumulated noise one step at a time.
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Variational Inference and the ELBO

Big Picture: Variational inference provides a framework for handling
intractable likelihoods by optimizing a lower bound.
From Jensen’s inequality:

log pθ(x) = log

∫
qϕ(z |x)

pθ(x , z)

qϕ(z |x)
dz ≥ Eqϕ(z|x)

[
log

pθ(x , z)

qϕ(z |x)

]
= Lθ,ϕ(x).

This Lθ,ϕ(x) is the Evidence Lower Bound (ELBO):

Lθ,ϕ(x) ≤ log pθ(x).

By minimizing the KL divergence DKL(q(z |x)∥pθ(z |x)), we maximize L,
making it a tractable surrogate for the full likelihood.
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Learning Objective for Diffusion Models

High-Level Goal: Align the learned denoising model pθ(xt−1|xt) with the
true reverse distribution q(xt−1|xt , x0).

argmin
θ

DKL(q(xt−1|xt , x0) ∥ pθ(xt−1|xt)).

Under certain assumptions, this KL minimization simplifies to minimizing a
mean-squared error:

argmin
θ

Ew∥µq(t)− µθ(xt , t)∥2,

which is equivalent to:

argmin
θ

∥ϵ− ϵθ(xt , t)∥2,

where ϵ ∼ N (0, I ).
Interpretation: Predict and remove the noise added at step t.
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Training Algorithm

Algorithm 1 Training Algorithm (Noise Prediction)

Require: Training data {x0}, parameters θ, schedule {βt} (hence {αt , ᾱt})
1: for all data samples x0 do
2: Sample a timestep t ∼ Uniform({1, . . . ,T}).
3: Sample noise ϵ ∼ N (0, I ).
4: Form the noisy sample:

xt =
√
ᾱtx0 +

√
1− ᾱt ϵ.

5: Use the model to predict ϵθ(xt , t).
6: Update θ by minimizing the mean-squared error:

∥ϵ− ϵθ(xt , t)∥2.

7: end for

Fatim Majumder (Emory University) Diffusion Models November 18, 2025 10 / 12



Sampling Algorithm

Algorithm 2 Sampling Algorithm (Denoising Process)

Require: Learned parameters θ, schedule {βt} (and thus {αt , ᾱt}).
1: Sample xT ∼ N (0, I ) (pure noise).
2: for t = T , . . . , 1 do
3: Predict ϵθ(xt , t) using the model.
4: Compute µθ(xt , t) from the predicted noise:

µθ(xt , t) =
1

√
αt

(
xt −

βt√
1− ᾱt

ϵθ(xt , t)

)
.

5: Sample xt−1 ∼ N (xt−1;µθ(xt , t), σ
2
t I ).

6: end for
7: Return x0 as the generated sample.
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